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Abstract 
Under the effect of common perturbations, the multiple-soliton solution of the KdV equation is 
transformed into a sum of an elastic and a first-order inelastic component.  The elastic component 
is a perturbation series, identical in structure to the perturbed single-soliton solution.  It preserves 
the soliton-scattering picture.  The inelastic component is generated by perturbation terms that rep-
resent coupling between KdV solitons and inelastically generated soliton-anti-soliton waves.  It 
asymptotes into solitons and anti-solitons, that evolve along the characteristic lines of the KdV 
solitons.  This is demonstrated in the two-soliton case. 
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A common form of the perturbed KdV equation is [1-6]: 
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The unspecified coefficients depend on the dynamical system for which Eq. (1) is derived.  For 
example, small-amplitude solutions of surface waves on a shallow-water-layer over a horizontal 
plane [7] and of the ion acoustic wave equations in Plasma Physics [8, 9] are approximately de-
scribed by Eq. (1) [10]. 
 
Eq. (1) is asymptotically integrable through O(ε) [1].  Namely, if w is expanded in powers of ε, 
 
 w t, x( ) = u t, x( ) + ! u 1( ) t, x( ) + ! 2 u 2( ) t, x( ) + ! 3 u 3( ) t, x( ) + O ! 4( )   , (2) 
 
then u(1)  can be expressed as a differential polynomial in the zero-order approximation, u, 
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and u is determined by a Normal Form that is integrable through O(ε), 
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Eq. (4) has the same soliton solutions as the KdV equation.  Denoting the wave number of the ith 
soliton by ki, the velocity of each soliton in a multiple-soliton solution is updated according to: 
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Let us now turn to the first-order correction, u(1), of Eq. (3).  When u is a single-soliton solution, 
the freedom in the equations allows for the determination of two of the coefficients only [1-6]: 
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For the general solution, no such freedom exists, and a3 obtains the value [1-6]: 
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When u(t,x) is a multiple-soliton solution, it displays a simple scattering picture.  Far from the 
soliton-collision region (a finite domain around the origin in the x-t plane), each soliton maintains 
its functional form before and after the collision.  It may be affected by the presence of the other 
solitons at most through a trivial phase shift.  However, the scattering picture is spoiled in O(ε), by 
the term that is proportional to the non-local quantity, q(t,x), in Eq. (3).  (Although this term is lo-
calized around the characteristic line of each soliton, as it is proportional to ux.)  This has been 
demonstrated [11] in the case of the two-soliton solution, given by [12] 
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Here vi are given by Eq. (5).  Assuming k1 < k2, q(t,x) asymptotes to the following values: 
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Consequently, the correction to the amplitude of soliton no. 1 (no. 2) is affected by k2 (k1) for t < 0 
(t > 0), respectively.  Integrability is achievable in first order, but the scattering picture is lost. 
 
To preserve the scattering picture in O(ε), one must eliminate the term proportional to q(t,x) in Eq. 
(3) by setting a3 = 0.  However, then the perturbation scheme loses first-order integrability, as the 
first-order equations cannot be satisfied for a general u if only the coefficients a1 and a2 are avail-
able, and these two become indeterminable [6].  Whatever values they are assigned, part of the 
perturbation remains unaccounted for.   The calculation forces one to incorporate this “left-over” 
part in the first-order contribution in Eq. (4), spoiling the integrability of the equation, and de-
stroying the simple KdV-multiple-soliton structure of u. 
 
This observation is compounded by the fact that, in general, except when u is a single-soliton solu-
tion, Eq. (1) may lose asymptotic integrability from second order onwards [2-5].  (This actually 
happens in the cases of the shallow-water problem and the ion acoustic wave equations [10].)  One 
cannot express the higher-order corrections. u(n), n ≥ 2, as differential polynomials in u and, simul-
taneously, derive a Normal Form  that is updated and integrable through O(εn)  to govern the evo-
lution of the zero-order approximation, u.  The perturbation contains parts that constitute “obsta-
cles to asymptotic integrability”.  The algebra fails to account for these parts, and one is forced to 
incorporate them in the Normal Form, thereby destroying its integrability.  Obstacles to asymp-
totic integrability and the manner in which a second-order obstacle spoils the KdV structure of  a 
two-soliton solution have been first exposed in [2-5].  The effect of the obstacle that is encoun-
tered if one insists on preserving the scattering picture in O(ε) is the same.  In summary, as long as 
the expressions for higher-order corrections are limited to differential polynomials in u, asymp-
totic integrability is not achievable beyond O(ε).  If, in addition, one insists on maintaining the 
O(ε) scattering picture, then asymptotic integrability is lost in O(ε) as well. 
 
In the following, it will be shown that, in the multiple-soliton sector of solutions of the KdV equa-
tion, the loss of the scattering picture and of asymptotic integrability are both associated with the 
emergence of inelastically generated solitons and anti-solitons (negative-amplitude solitons) in the 
perturbation.  These lead to the generation of soliton-anti-soliton waves in the O(ε) contribution to 
the solution.  The approach is based on the observation that none of the problems discussed above 
is encountered when the zero-order approximation, u(t,x), is a single-soliton solution.  The solu-
tion of Eq. (1) is constructed as a sum of a major, elastic, component and an O(ε) inelastic compo-
nent.  The elastic component has the same structure in the single- and multiple-soliton cases.  It 
preserves the scattering picture and enjoys all the characteristics of a solution of Eq. (1) when it is 
integrable equation (i.e., as if no obstacles to integrability exist) order-by-order.  The inelastic 
component  arises only in the multiple-soliton case.  It is generated by perturbation terms that rep-
resent interaction between KdV solitons and inelastically generated non-KdV soliton-anti-soliton 
waves.  These terms have the capacity to generate soliton-anti-soliton waves in the solution.  This 
is demonstrated through the numerical analysis of the case of a two-soliton solution of the KdV 
equation.  Far from the origin, the inelastic component tends to a soliton-anti-soliton pair.  The 
latter have the same structure as the original KdV solitons.  However, their amplitudes are differ-
ent from those of the KdV solitons, and have opposite signs.  The results are presented through 
O(ε).  The detailed analysis through O(ε3) will be presented in a future publication. 
 
To obtain the elastic component through O(ε), one chooses a3 = 0.  Noting that the problems dis-
cussed above do not arise in the single-soliton case, one assigns a1 and a2 their single-soliton val-
ues of Eq. (6), with a3 = 0.  With this choice, the unaccounted for part of the perturbation is: 
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By construction, this term vanishes identically when computed for a single-soliton solution.  
Hence, it reflects the net effect of the difference between the single-and multiple-soliton cases. 
 
To preserve asymptotic integrability of the Normal Form, Eq. (4), one incorporates in u(1) a term, 
which is to account for the effect of the obstacle of Eq. (9).  Eq. (3) is modified into 
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Note that η(t,x) cannot be written as a differential polynomial in u.  Using Eq. (6) for a1 and a2, 
with a3 = 0, u obeys the Normal Form, Eq. (4), provided that η(t,x) obeys the following equation: 
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Using Eqs. (3), (6) and (10), the solution of Eq. (1) can be written as: 
 
 w t, x( ) = wel t, x( ) + !" t, x( )   . (12) 
 
The main, elastic, component is given through first order by 
 
 w
el
t, x( ) = u t, x( ) + ! uel
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+ O !
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It is the contribution of u, a multiple-KdV-soliton solution (with soliton velocities given by Eq. 
(5)), to which a first-order correction, u
el
1( ) , that does not spoil the scattering picture, is added.  wel 
exists in both the single-and multiple-soliton cases.  The inelastic correction term, η(t,x), exists 
only in the multiple-soliton case, and does not affect the elastic component. 
 
At this point, revealing the structure of R1(t,x) and of η(t,x) is required.  R1(t,x) vanishes identi-
cally when u is a single-soliton solution.  Consequently, for a multiple-soliton solution it vanishes 
exponentially fast away from the origin, where each “leg” of u asymptotes into a single-soliton 
[6].  A useful interpretation of R1(t,x) emerges if written as [13]: 
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In the form of Eq. (14), R1(t,x) represents a coupling term involving the multiple-KdV-soliton 
wave, u, and us, which is a non-KdV multiple-soliton state.  For example, in the two-soliton case, 
the asymptotic structure of us away from the origin in the x-t plane is: 
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In Eq. (15), one has 
 
 a1 = ! sgn t( ) "2 k1 ! k2 k1 + k2( )
2
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and to lowest order in ε, 
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Whereas u is constructed by elastic combinations of the Jost functions of the inverse scattering 
problem associated with the KdV equation [14-20], us is a soliton-anti-soliton pair, constructed 
from inelastic combinations of the same Jost functions.  As the velocities of these new solitons are 
different from the velocities of the original KdV solitons, the characteristic lines of the two types 
of solitons overlap only near the origin.  Thus, Eq. (14) provides additional insight regarding the 
exponential vanishing of R1(t,x) away from the origin. 
 
The driving term in Eq. (11) may not satisfy the conditions of the Fredhom Alternative Theorem.  
Still, it does not generate unbounded contributions in η(t,x).  First, R1(t,x) is a complete differen-
tial (see Eq. (9)).  Moreover, it is bounded and appreciable in the soliton-collision region (a finite 
neighborhood of the origin) and decays exponentially fast away from that region (so does R0(t,x)).  
Hence, it cannot generate unbounded contributions along the characteristic lines of the KdV soli-
tons in u.  For instance, in the two-soliton case, it decays along the line of soliton no. 1 as: 
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The only potential pitfall is the possibility that R1(t,x) may generate secular terms away from the 
soliton characteristic lines, namely, in regions in the x-t plane where u itself falls off exponen-
tially.  These are the triangular sectors {|4 k(i-1)2 t | « |x| « |4 ki2 t |} in the x-t plane bounded by the 
characteristic lines of adjacent solitons.  In these regions, Eq. (11) is reduced to: 
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To resonate with the homogeneous part of Eq. (20), R1(t,x) must fall off as exp[-k |(x + k2 t)|] for 
some k.  If it falls off at such a rate, then η(t,x) = (x + a t) exp[-k |(x + k2 t)}] solves Eq. (20).  Un-
less a = k2, this solution is unbounded in parts of the x-t plane.  However, R1(t,x) cannot generate 
such solutions.  For example, in the two-soliton case, it falls off in the triangular sectors as: 
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Finally, in the case of a two-soliton u, the product in Eq. (14) changes sign as the origin is crossed, 
because of the sign change in us (see Eqs. (15) and (16)).  R1(t,x) shows two identical, peaks that 
have opposite signs and are slightly displaced in the x-t plane.  In Fig. 1, |R1| is plotted, so that the 
graphics show both peaks.  Because of their proximity, their integrated effect on η(t,x) is small. 
 
Let us now focus on η(t,x).   As Rt(t,x) is a complete differential, and η(t,x) is bounded, a con-
served quantity emerges immediately, by integrating Eq. (11) over x: 
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This observation leads to a simplified analysis for 
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Using Eq. (9),  Eq. (11) yields for ω(t,x) the following equation: 
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Sufficiently far away from the origin, so that R0(t,x) can be neglected, Eq. (24) is reduced to: 
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A trivial solution of Eq. (25) is ω(t,x) = α u(t,x) for any α.  As Eq. (25) is valid only in the domain 
in the x-t plane in which the KdV solitons are well-separated and asymptote each to a single-
soliton solution, a more interesting possibility emerges when u is an N-soliton solution, namely, 
that ω(t,x) tends to αi u(t,x) along the characteristic line of the ith KdV soliton (1 ≤ i ≤ N) with dif-
ferent coefficients assigned to different solitons.  The driving term, R0(t,x), determines the coeffi-
cients αi, allowing for new types of solutions to emerge. 
Eq. (24) has been solved numerically for ω(t,x) with u(t,x) - a two-soliton solution, with the over-
all coefficient, 10 !
2
" !
4( ) , replaced by 1.  Fig. 2 shows ω(t,x) for a scattering process, i.e., with 
ω(t,x) → 0 for t → -∞.  This corresponds to a solution of Eq. (1) that starts off with the elastic 
component only.  The possibility just discussed is borne out.  Within the numerical accuracy, the 
asymptotic behavior of ω(t,x) is described by a soliton-anti-soliton pair.  These evolve along the 
characteristic lines of the KdV solitons contained in u(t,x), and have exactly the same structure.  
Their amplitudes are determined by the “obstacle”, R0(t,x).  One soliton has a positive amplitude, 
the other - a negative amplitude.  The asymptotic form of the pair is shown in Fig. 3.  It is numeri-
cally indistinguishable from a sum of two single KdV solitons, the wave numbers, velocities and 
phase shifts of which are those of the original KdV solitons, but the amplitudes are borrowed from 
the numerical solution for ω(t,x). The conservation law, Eq. (22) is obeyed, because η(t,x) = 
∂xω(t,x).  Since ω(t,x) vanishes as x → ∞, the conserved quantity is equal to zero. 
 
The analysis through O(ε3) yields a zero-order approximation, u, which is governed by an inte-
grable Normal Form, updated through third order.  Hence, u exhibits the same single- and multi-
ple-soliton solutions as the unperturbed KdV equation.  The velocity of each soliton is given by 
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The elastic component of Eqs. (12) and (13) is updated as if no obstacles to integrability exist.  Its 
structure in the multiple-soliton case is identical to that of the singe-soliton case, and is given by 
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Like u
el
1( )
t, x( )  (Eq. (10)), the higher-order differential-polynomial corrections preserve the scatter-
ing picture exhibited by u because they contain local terms only.  For example, u
el
2( ) has the form 
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with known expressions for bk, 1 ≤ k ≤ 4. 
 
The O(ε2) analysis leads to an updated Eq. (11) for the small inelastic component, η(t,x): 
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The O(ε) driving term in Eq. (29) has the same properties as R1(t,x), the lowest-order driving term.  
It is a gradient of a differential polynomial in u, denoted here as R2.  It vanishes identically when 
computed for a single soliton solution.  In the case of a multiple-soliton solution, it is localized in 
a small neighborhood of the origin in the x-t plane, and vanishes exponentially fast away from the 
origin.  It does not generate unbounded contributions in η(t,x) for the very same reasons that the 
lowest-order driving term, R1, does not.  This term has been previously identified as the second-
order obstacle to integrability [6, 13].  The results of the third-order analysis have a similar nature. 
 
Finally, although the inelastic component destroys the scattering picture because R1(t,x) depends 
non-trivially on the wave numbers of both solitons (in particular, it is proportional to (k1 – k2)2), 
the perturbation series for the full solution, preserves the multiple-soliton nature of the unper-
turbed solution.  This is in agreement with [21], where the numerical analysis of the ion acoustic 
wave equations, demonstrated the robustness of multiple-soliton solutions against perturbations. 
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FIGURE CAPTIONS 
Fig. 1  Absolute value of R1 (Eq. (9)) for two-soliton solution (Eq. (7), k1 = 0.1, k2 = 0.2).  Front 
peak is positive, rear peak is negative. 
 
Fig. 2  Solution of Eq. (11) for ω(t,x) for two-soliton solution (k1 = 0.1, k2 = 0.2); 10 !2 " ! 4( )  
replaced by +1.  Vanishing initial data. 
 
Fig. 3  ω(t,x) for two-soliton solution (k1 = 0.3, k2 = 0.2), t = 200. 
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